We propose Floquet chiral topological superconducting systems hosting Floquet Majorana fermions, which consist of hexagonal lattices in proximity to superconductors with shining circularly polarized light. Specially for bilayer graphene system, we demonstrate that there exist three topological phases determined by the system parameters, namely, the amplitude and frequency of the induced light. The number of chiral Floquet Majorana edge states is confirmed by calculating the Chern number analytically and the energy spectrum in ribbon geometry. Moreover, this proposal is generalized to other hexagonal lattice systems, such as the monolayer graphene and silicene. Notably, the parameter range of induced light to achieve the chiral Floquet Majorana edge states is experimentally feasible, and the corresponding Floquet Majorana fermions can be probed based on differential conductance using the scanning tunneling spectroscopy.
I. INTRODUCTION
Majorana fermions (MFs) are "real-valued" fermion modes, which are their own anti-particles in contrast to other "complex" fermions. A pair of widely spatial seperated MF bound states corresponds to zero-energy modes of Bogoliubov-de Gennes (BDG) Hamiltonian, and forms non-Abelian quasiparticle states immune to local decoherence, which suit for potential applications in quantum computation. 1, 2 MFs are proposed to emerge in kinds of 2D systems, such as the surface states of topological insulators proximated to superconductors, 3 the ν = 5/2 fractional quantum Hall(FQH) states, 4 quantum anomalous hall(QAH) states in proximity to superconductors 5 , non-centrosymmetric superconductors 6 , etc. Moreover, various 1D systems are also proposed to host MFs. 7, 8 Importantly, high magnetic field, which breaks the time reversal symmetry, is essential for the appearance of MFs in most of these strategies. However, the high magnetic field might easily break the superconducting layer, which imposes restrictions on the realization of MFs in experiments.
Recently, topological insulators driven by external time-dependent perturbations have stimulated great scientific interests. 9 Specifically, for the time-periodic driven systems, it is convenient to use Floquet theory to characterize their topological phases. [10] [11] [12] For example, with shinning spatial modulating irradiation on a semiconductor quantum well, which is initially in the trivial phase, topological nontrivial edge states can be induced in Floquet bands. 13, 14 Additionally, with circularly polarized light, a nontrivial gap is opened and edge states emerge in hexagonal lattices, such as graphene and silicene.
15-17
Importantly, Mikael et al., detected photonic Floquet edge states in photonic lattices experimentally. 18 And, with the help of time-resolved ARPES, Wang et al., have observed the Floquet states on the surface of a topological insulator.
19
More recently, a new concept of Floquet Majorana fermions (FMFs) is brought in cold-atom systems, such as driven cold-atom quantum wires 20, 21 and so on. Furthermore, FMFs can also encode quantum information when the periodic driving potential does not break fermion parity conservation. 22 However, there are few studies focusing on FMFs in condensed matter systems. Especially, with circularly polarized light, hexagonal lattices have been proved to be topological nontrival systems hosting Floquet edge states. [15] [16] [17] One natural question is whether FMFs can exist in those systems. In fact, the hexagonal lattices possess unique advantages due to the existence of antiferromagnetic order. In particular, the antiferromagnetic phase can coexist with superconductivity, breaking the time-reversal symmetry without external magnetic field. Recently, it has been demonstrated that there exists the layer-antiferromagnetic(LAF) phase in bilayer graphene. [23] [24] [25] [26] And the antiferromagnetic phase has been also theoretically predicted existing in monolayer hexagonal lattices, such as graphene. 27 Considering these advantages, the hexagonal lattices provide a promising platform for realizing FMFs.
In this work, we study bilayer graphene in proximity to an s-wave superconductor with shinning circularly polarized light at high frequencies. We find that there exist three topological phases by tuning the physical parameters of the induced light: the amplitude A and the frequency ω. Based on the effective Hamiltonian, we calculate the Chern numbers-the number of chiral Floquet Majorana edge states to be 8, 4 and 0, respectively, corresponding to the three different topological phases. Moreover, the number of those edge states is also confirmed by solving energy spectra in the ribbon geometry. Notably, in narrow ribbons, due to the finite size confinement, there exist another two cases with edge states numbers 6 and 2. Furthermore, this proposal of generating chiral FMFs is generalized to other hexagonal lattices, such as the single-layer graphene and silicene. In silicene, the √ 3 × √ 3R reconstruction hosts odd numbers of FMFs, which is important in realization of the non-trival braiding statistics. Finally, we propose a strategy to probe those Floquet Majorana edge states using the scanning tunneling spectroscopy (STS).
The rest of this paper is organized as follows. In Sec.II, we present the proposed system and derive the effective Hamiltonian (see details in App.A) describing the system. Then, in Sec.III, a topological phase diagram is obtained based on the Chern number calculated in App.C. Next, in Sec.IV, the chiral Floquet Majorana edge states are further confirmed with the numerical results of the energy band structures in the ribbon geometry. In Sec.V, we extend aforementioned method for generating FMFs to other kinds of the hexagonal lattices and propose a scheme to detect the FMFs. Finally, a conclusion is presented in Sec.VI.
II. PROPOSED DEVICE AND MODEL HAMILTONIAN
We first study the bilayer graphene system, due to the experimental confirmation of the layerantiferromagnetic(LAF) phase in such system.
23-26
Our proposed device is illustrated in Fig.1(a) . The bilayer graphene with LAF is put in proximity to an s-wave superconductor. Meanwhile, a beam of right-handed circularly polarized light is projected perpendicularly to the plane of bilayer graphene (left-handed rotation can be discussed similarly). Thus, the effective tight-binding Hamiltonian H b can be written as:
where a i,s,α (a † i,s,α ) annihilates (creates) an electron with spin s(s = ±1) on site R i in layer α(α = 1, 2) on sublattice A (an equivalent definition is used for sublattice B), as shown in Fig.1(b) . In H b , the first two terms denote intrinsic hopping in bilayer graphene, where t in the first term is the nearest-neighbor hopping energy, and γ in the second term stands for the hopping energy between atom A 1 and A 2 in different layers. We consider the off-resonant circularly polarized light case, in which no inter-band electronic transitions occur due to the prohibition of direct photon absorption. The off-resonant light modifies the electron via virtual photon absorption process, and results in a chiral next nearest-neighbour hopping (see App.A for details), where m = v v ij = +1(−1) corresponds to clockwise (anti-clockwise) hopping. For graphene systems, the off-resonant condition requires photon energies larger than band width, which lies in the range of soft X-ray regime. 16, 17 Recently, the circularly light induced gap has been detected in the surface state of topological insulator, which is consistent with the effective model. 19 The last term in Eq.1 stands for LAF, which is spontaneously generated by electronelectron interaction in bilayer graphene around half filling, and V is the LAF strength. [23] [24] [25] [26] The LAF and superconductivity come from different orgin, and may coexist in the interface graphene layers. Previously, the coexistent of antiferromagnetism and superconductivity has been investigated theoretically and experimentally. 28, 29 In general, the circularly polarized light gives rise to the nontrivial topology, and the LAF term lifts the spin degeneracy. The combination of these two effects leads to abundant topological phases in hexagonal lattices as discussed in the following parts.
Considering the proximity effect of an s-wave superconductor as shown in Fig.1(a) , the Bogoliubov-de Gennes (BdG) Hamiltonian of the proposed system can be obtained in the momentum space:
where
T , ∆ denotes the superconducting order parameter and I 4 = diag{1, 1, 1, 1}. Here, a 1 (b 1 ) and a 2 (b 2 ) stand for A(B) atom in upper and lower layer, respectively. H b (k) is the Fourier transform result of effective Hamiltonian H b in Eq.1 from real space to momentum space. The driven field will affect the superconductor order parameter. Previously, it has been proved that superconductivity order parameter ∆ is slightly renormalized in 1D superconductor. 22 Similarly, the superconductivity order parameter ∆ in our proposed setup remains unchanged in the limit of v g A/ω ≪ 1 (see App.B for details). For the bilayer graphene system, the parameters V and ∆ are in the range of several meV . The magnitude of m, determined by the induced light, can be tuned into the same order of V and ∆. Without loss of generality, all parameters including m, V and ∆ in Eq.2 are chosen to be positive in the following.
III. TOPOLOGICAL PHASE DIAGRAM
Firstly, we investigate the topological phase diagram of the proposed system by calculating the topological invariant: Chern number. Since the topological invariant cannot change without closing the bulk energy gap, the gap-closing condition of H BDG gives out possible topological phase transition points. Based on the diagonalization of H BDG in Eq.2, we find the bulk energy band closes exactly at the Dirac points. In specific, the energy levels at Dirac points are E = ±∆±m±V , ± (∆ ± m) 2 + γ 2 , which means the bulk energy gap closes at two critical conditions: m = |∆ + V | and m = |∆ − V |. Consequently, there may exist three topological phases which can be distinguished by different Chern numbers.
Based on the calculation result of the Chern number of H BDG (see App.C), we obtain the 3D topological phase diagram in the first quadrant of (∆, V, m) parameter space as shown in Fig.2 Chern number C = 4, which means this system possesses 4 chiral Floquet Majorana edge states. Besides, since the Chern number C is zero under the condition m < |∆−V |, the two fuchsia regions are both normal superconductor (NSC) with two different sets of boundaries:
In experiments, it is common that the superconductor in the proposed system has a fixed superconducting order parameter ∆ 0 . Thus, we also draw the cross section of Fig.2 (a) in V -m plane [see Fig.2(b) ]. Mostly, if the positive V is not equal to ∆ 0 , the system can go through three topological phases from C = 8 to C = 4 and C = 0 consecutively by decreasing m as shown in Fig.2(b) . That is to say, one can change m = v 2 g A 2 /ω by tuning the amplitude A or frequency ω of the induced circularly polarized light, in order to precisely make the system go through three topological phases in experiments with fixed LAF amplitude V and superconducting order parameter ∆. Considering the band-width of bilayer graphene, the required frequency of off-resonant light is about ω = 2500T Hz. For strong light intensity I = 7.5 × 10 11 W/cm 2 , the light induced next nearestneighbour hopping is around m = 3meV . Besides, when V is equal to ∆ 0 or zero, there exist only two topological phases with the change of m as shown in Fig.2(b) , because one of the two critical conditions is useless now.
IV. CHIRAL FLOQUET MAJORANA EDGE STATES
We further confirm the chiral Floquet Majorana edge states of proposed device with the numerical calculation result obtained from the energy band structure in ribbon geometry. Firstly, H BDG in Eq.2 can be transformed to real space as:
where H b is given out in Eq.1 and all parameters are same as those in Eq.1 and 2. Then, considering a bilayer graphene ribbon with periodic boundary in x direction and open boundary in y direction, we draw the energy bands by diagonalizing Eq.(3). As a heuristic example, in Fig.3 , we first study a wide zigzag ribbon with W = 240a and the lattice constant a = 1. Similar to the TSC (C = 8) region in Sec.III, when parameters satisfy m > |V + ∆|, there are eight edge states locating inside the bulk band gap [see Fig.3(a) ]. Moreover, when m decreases to the region between |V − ∆| and |V + ∆|, four gapless edge states appear inside the bulk band gap [see Fig.3(b) ], corresponding to the aforementioned TSC region with C = 4. This topological phase transition indicates that four chiral Floquet Majorana edge states have been annihilated into the bulk states. Finally, if m is smaller than |V − ∆|, corresponding to the NSC (C = 0) region, there is no chiral edge state inside the bulk band gap [see Fig.3(c) ]. This means if the induced circularly polarized light is not strong enough or even absent, the system belongs to the same topologically trivial NSC phase (see Fig.3(c) and  3(d) ). In order to make the edge states easier to be distinguished, we also study a wide armchair ribbon with W = 240 √ 3a and the lattice constant a = 1 in Fig.4 . The numbers of edge states in different conditions are the same as those in zigzag ribbon. However, due to the undistinguishment of K and K ′ point in armchair ribbon, the edge states in Fig.4 are double degenerate. Combining Fig.3 and Fig.4 , the number of chiral edge states in the wide ribbon is consistent with the Chern number obtained in Sec.III. Surprisingly, in narrow zigzag ribbons, e.g. W = 60a, we find two additional parameter regions of m characterized by edge states number six and two, as shown in Fig.5(d) and 5(e), respectively. Besides, the numbers of edges states in Fig.5(a)-5(c) are the same as those in Fig.3(a)-3(c) . Similar results can also be found in armchair ribbon, which are not shown here.
The appearance of these two unexpected cases, with six or two edge states in a narrow ribbon, originates from the "finite size effect". 30, 31 To explain this phenomenon, we firstly utilize Eq.C5-C8 in App.C, which tells us that the characteristic penetration lengths of chiral edge states are: The length along y direction is chosen W = 60a with lattice constant a = 1, which is a quarter of that in Fig.3 . N is the number of gapless chiral edge states. In (a), m = 0.06, the system has eight edge states. In (b), m = 0.02, the system has four edge states. In (c), m = 0.001, no edge states show up. Those three phases also exist in Fig.3 . However, in (e) and (f), m = 0.046 and 0.009, there are six and two edge states, respectively. In order to make the energy spectrum more clearer, the edge states in (a)-(e) are colored by red.
when m approaches V + ∆ = 0.05, the characteristic length ξ 2 becomes very large. Thus, in a narrow ribbon with W <ξ 2 , two chiral edge states with penetration length ξ 2 are coupled with each other, and the number of chiral edge states decreases to six, as shown in Fig.5(d) . Then, when m satisfies |V − ∆| < m < |V + ∆|, there exist only four edge states, which are characterized by penetration length ξ 3 and ξ 4 . Similarly, if m approaches to |V − ∆| = 0.01, ξ 4 could become longer than W , and two edge states with penetration length ξ 4 are coupled with each other. Thus, the number of edge states reduces from four to two, as shown in Fig.5(e) . At last, when m becomes small enough compared with |V − ∆| = 0.01, there exists no edge state.
V. EXPANDED MODELS AND EXPERIMENTAL DETECTION
The aforementioned proposal for generating chiral Floquet Majorana edge states can also be extended to other kinds of hexagonal lattices, such as single-layer graphene and silicene. In particular, considering a single-layer graphene with antiferromagnetic order and shining circularly polarized light, the effective Hamiltonian reads:
where a i,s (a † i,s ) annihilates (creates) an electron with spin s(s = ±1) on site R i on sublattice A (an equivalent definition is used for sublattice B ). The third term in H s denotes the antiferromagnetic coupling, similar to the LAF term in Eq.1. In the presence of strong electronelectron interaction, the neutral graphene manifests an antiferromagnetic phase. On the other hand, when proximating to a superconductor, this system may exhibit topological nontrivial features with chiral Floquet Majorana edge states. Using the similar method as that in bilayer graphene model, we confirm that there still exist two critical conditions corresponding to topological phase transitions: m = |V + ∆| and m = |V − ∆|. Specifically, C = 4 when m > |V + ∆|, C = 2 when |V − ∆| < m < |V + ∆| and C = 0 when m < |V − ∆|. Thus, there are three topological phases, in analogy to the case of bilayer graphene.
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FIG. 6: (Color online)
The lattice structure of a √ 3 × √ 3R reconstruction of monolayer silicene. The nearest-neighbor hopping strengtht through the blue bonding is t − ∆t, whilẽ t through the yellow one is t + ∆t. Atoms in the red parallelogram forms a primitive cell whose side-length is √ 3 times longer than pure silicene. A and B represent different sublattice.
Moreover, silicene, as another important kind of hexagonal lattice, is the silicon equivalent of graphene, apart from a relatively large intrinsic Rashba spin orbital term. 32 In a monolayer silicene, it has been demonstrated both theoretically and experimentally that there could exist a √ 3 × √ 3R reconstruction, 33, 34 which is illustrated in Fig.6 . The nearest-neighbor hopping energy through the blue bonding is t − ∆t, while the yellow one is t + ∆t. Therefore, the primitive cell in monolayer silicene is extended to √ 3 × √ 3 times larger than a pure one, which is marked by a red parallelogram in Fig.6 . Considering a √ 3 × √ 3R reconstruction monolayer silicene system with an antiferromagnetic order and shining circularly polarized light, the effective Hamiltonian H Si s can be written as:
and v ij have the same meanings as those in Eq.4. The first term stands for the nearestneighbor hopping, and the definition oft ij can be found in Fig.6 . Specifically, in blue bonding,t ij = t − ∆t, whilẽ t ij = t + ∆t in yellow.t ij is the source that folds valleys K and K ′ into the Γ point, and results in intervalley scattering. The second term is the intrinsic Rashba spin orbital term with t SO the corresponding strengths.d ij = d ij /|d ij |, where d ij represents a vector from site j to i, and µ ij = ±1 for an A or B site. The third and the last term denote respectively the effect of circularly polarized light and antiferromagnetism. Considering the similarity of silicene and graphene, our FMFs proposal is also applicable to the silicene system. But unlike the graphene system, owing to the √ 3 × √ 3R reconstruction and the intrinsic Rashba spin orbital term in Eq.5, there may exist other topological phases with odd chiral edge states. Notably, the realization of odd numbers of FMFs is important in the realization of nontrivial braiding statistics, which is important for the quantum topological computation. In Fig.7 , we study an armchair ribbon of the √ 3 × √ 3R reconstruction monolayer silicene. The width of the ribbon is chosen as W = 600 √ 3a with lattice constant a = 1. In Fig.7(a) , it is clear that under the condition ∆t = 0.098, t SO = 0.5, m = 0.2, V = 0.1, ∆ = 0.14, there exists only one edge state, marked with α. In order to confirm that the second lowest state β belongs to the bulk bands, the wave function distributions |Ψ α(β) | 2 of states α and β are also drawn in Fig.7(b) . We find that |Ψ α | 2 distributes mostly near the boundary, while |Ψ β | 2 distributes inside the ribbon, which means state β is a bulk state. Thus, the √ 3 × √ 3R reconstruction monolayer silicene system possesses only one chiral edge state hosting odd number of FMFs. flux is induced in the system, a STM tip is used to probe the dI/dV characteristics of Majorana zero modes. (b): Zero energy dI/dV peak value. When the Majorana zero modes in vortices decouple, the peak value increases to be integer times of The experimental detection of Majorana Fermions, which do not transport charge, is impeded by the difficulties to measure spin and heat transport. Thus, precise experimental setups are needed for detecting those states. The topological phases and topological critical points in our proposed systems can be detected by the zero bias dI/dV characteristic curves of scanning tunneling spectroscopy.
36
Firstly, taking silicence system as an example, when a flux hc 2e is induced in the system, the Majorana zero modes emerge at the inner and outer edges. 35 When the STM tip couples to the Majorana zero modes through electron tunneling, the resonant Andreev reflections can induce zero bias peak in the dI/dV characteristic curves.
36 Specifically, as shown in Fig.8 , when the Majorana zero modes in vortices do not couple to each other, the peak value increases to be integer times of 2e 2 h when the topological phase transition happens. In a sharp contrast, when the Majorana zero modes in vortices couple together, the peak value shows oscillation behavior at the topological phase transition points.
Moreover, we consider the bilayer graphene system with three topological phases characterized by Chern numbers 8, 4 and 0. There are two cases for the bi-layer graphene system. (i) If the coupling between chiral Majorana edge states can be neglected, the experimental detection setup is similar to the silicence system. Considering a flux hc 2e induced in the system, the Majorana zero modes emerge at the vortex boundary. The zero bias dI/dV peak value is related to bulk Chern number by the relation of G = C × h , where C is the bulk Chern number. One the other hand, the local density of edge states changes when the Chern number is changed, and leads to observable effects in the tunneling conductance in normal-Floquet topological superconductor junction. 37 The aforementioned experimental detection methods can also be applied to the monolayer graphene system.
VI. CONCLUSION
In conclusion, when hexagonal lattice layer with circularly polarized light is put in proximity to an swave superconductor, there exist topological phases with chiral Floquet Majorana edge states. Specifically, in the proposed bilayer graphene system with layer-antiferromagnetic term, there are three topological phases with the Chern number 8, 4, 0 by tuning the amplitude A or the frequency ω of the induced light. The same proposal can also be extended to other kinds of hexagonal lattices, i.e. monolayer graphene and silicene. Notably, the √ 3× √ 3R reconstruction monolayer silicene system can host odd numbers of FMFs, which is important for quantum topological computation. To sum up, by accurately adjusting the frequency and the amplitude of induced circularly polarized light, one can precisely tune the number of Majorana edge states, achieve Floquet Majorana fermions, and realize topological phase transitions in hexagonal lattices. In experiments, those Floquet Majorana fermions can be characterized by zero bias dI/dV peak using scanning tunneling spectroscopy.
After applying H K (t) into the definition of H n , it is straightforward to obtain:
Since v g A/ω ≪ 1 and the system is considered near Dirac point K, it is obvious that
Consequently, H Kef f is quite simple now:
Just as the same process above, the Hamiltonian H ef f near the other Dirac point
e x can be written as:
where k T . The whole basis consisting of sixteen elements is also called Beenakker's Notation.
Considering the first half basis, the first building block can be written as: 
According to Berry phase curvature, the Chern number for block 1 is:
Combining C 1A and C 1B , we get: In the same way, the Chern number for block 2 can be deduced as: 
Moreover, the Chern number of the second half of the basis can also be calculated in the similar method, and we obtain the same result as C. Therefore, the total Chern number of the proposed system is:
m > |V + ∆| +4 −|V − ∆| < m < |V + ∆| 0 m < |V − ∆|
From the above criterion, we can immediately obtain the phase diagram in Sec.III and uncover the physical picture of topological phase transitions.
